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Solutions of a nonlinear  heat -conduct ion  equation which a r e  s e l f - s i m i l a r  or  s e l f - s i m i l a r  in 
the l imi t  a r e  d i scussed  for  a given total input power .  

Solutions of a nonl inear  heat -conduct ion equation which a r e  s e l f - s i m i l a r  or  s e l f - s i m i l a r  in the l imi t  
a r e  d i scussed  in detai l  in [1, 2] for a b road  c lass  of p r o b l e m s .  We p r e s e n t  solutions of a s i m i l a r  equation 
for  volume heat  sou rces .  

1. We cons ider  a medium whose e lec t r i ca l  and the rma l  conductivi t ies  va ry  as  powers  of the t e m p e r a -  
tu re .  We a s s u m e  the med ium is a t  zero  t e m p e r a t u r e  and is p laced between two infinite plane e lec t rodes  to 
which a ce r t a in  potential  d i f ference  is applied.  At  t ime  t = 0 a breakdown of the medium occurs  over  a plane 
or  along a l ine and the total  input power  to the medium va r i e s  as  a power  of the t ime.  Then the t e m p e r a t u r e  
d is t r ibut ion  in the medium will be  given by 

O T_T a 0 (r~-~ O T ~ I + A T ~ f ,  (1) 
Ot = r ~-1 Or or ] 

where  v = 1, 2, 3 acco rd ing  as  the p r o b l e m  has p lane ,  ax ia l ,  o r  cen t ra l  s y m m e t r y .  We seek  the solution 
of Eq. (1) for  the initial  condition T( r ,  0) = 0 and the boundary conditions 

T (r, O) = O; 

2 v=1, 

.~.r v - l T ~ f d r = Q o  iv, 7 > 0 ,  ~ ( v ) =  2~ v = 2 ,  Acp (~) 
o 4 g  v=3. 

It is dear from dimensional considerations that the problem will be self-similar if 

( l - - m )  [ v - - 2 ( y +  1)] = ( p +  ! ) [ ( l - - n ) v - - 2 ] .  

Then the t e m p e r a t u r e  is  given by the expres s ion  
2 1 

" ' ~  " ~  ~ ' + ' ~  [~Qo t ] ~+~(~-'~ T=l.uLo, I - t ~ f ( D ,  ~=  ,, " - '  '+v('- ') r, 

\ J /  
where  f(~) sa t i s f i e s  

d~/~ ~ v - - 1  df n _ t _ n + 7 ( n - - 1 )  ~ v - - 2 ( 7 + I )  
d~S ~ d~ 2 + v ( n - l S  ~ + B f m +  2 - ~ v ( n - - 1 )  f = 0 ,  (2) 

2(rn--I ) 

and the boundary conditions 
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f g~-'f '~ (~) dg = 
1 

(,,,) B (3) 
0 

The p r o b l e m  cannot be solved in general  fo rm.  We cons ider  the specia l  case  of m = 1. 

We mult ip ly  (2) by ~ v -1 and in tegra te  f rom 0 to ~ .  If  f(~ ) falls  off fas t  enough at  infinity we have 

f rom which 

lim B,-1 dr ~ = [ A - -  (7 q- 1)] j T B*-' I (~) d~, 
~o d~. 

0 

A = 7 + 1 ,  

if there  is no point source  of hea t  a t  the origin.  

Equation (2) is  then eas i ly  in tegra ted  
1 

0 

The  in tegra t ion constant  ~ 0 is found f rom (3) 

for ~ ~ ~o, 

for ~>~o.  

n- - I  1 1--n 

We note that  for a l inea r  the rma l  conductivity (n = 1) the solution has  the fo rm 

f(~) = ' ( )  'V 

2"-'A~ (v) F V 

2. We now cons ider  the equation 

OT a c) ( r~,_t dT'* ) 
= r-~_ l # D r ,  Ot ~r Or 

which co r r e sponds  to a constant  potent ial  d i f ference  between the e lec t rodes ,  under  the conditions 

T(r, - - ~ ) = 0 ;  

(~,) ; rV-lTdr =Qe at. D~ 
0 

The second condition e x p r e s s e s  the exponential  t ime inc rea se  of the total input power .  
tion which is s e l f - s i m i l a r  in the l imi t  has  the fo rm 

2 

T = \ aV/~ 

The function f(g ) is found f rom the equation 

d*p + . - -  1 df~_~ n- -1  
d~ ~ ~ d~ 2+v (n--0  

and the boundary conditions 

1 ~[ ~a~n_l ec~(l--n)t~]2+v(n--1)r. 

],=0 
- ~ - @  2 + v ( n - -  1) 

f (co) = o, 

~ ( ~ ) ( ~  f(r r 1. 
D _ v--I d = 

J 
0 

As in Section 1, if there  is no point  source  of hea t  a t  r = 0, we obtain D = a .  

In this case  the so lu -  

(4) 
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The solution of Eq. (4) will then have the form 

1 

f(t) = [2n [2+ v(n-- l ) ]  (~~ 

0 

where  

fo~ ~ ~ ~o; 

for ~ >~o, 

n--I 
( n - - l )  z .~ 2-]-v(n--I ) 

l ln 
n I ) ]  2+~(n--l) 

n 

N O T A T I O N  

T 
t 
r 
a T n- i  

Qt  u, Qe~t  

is the t empera tu re ;  
is the t ime;  
is the l inear  coordinate;  
is the thermal  diffusivity;  
desc r ibe  the total input power.  

1. 
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